Introduction
Wormlike micellar mixtures exhibit properties making them valuable for commercial uses, for example in detergents, shampoos and as oil recovery enhancers. These mixtures show high and constant viscosities at low shear rates with strong shear thinning occurring at larger shear rates. Wormlike micelles are composed of amphiphilic surfactant amphiphilic molecules which, in an aqueous solvent, self assemble into long flexible cylindrical (wormy) structures protecting their hydrophobic tails in the interior of the worm. The length of the worms can be on the order of microns with radii on the order of tens of nanometers. These long flexible worms entangle in solution at moderate surfactant concentrations and, as a result of these entanglements, wormlike surfactant mixtures exhibit visco-elastic properties similar to those exhibited by concentrated polymer solutions. By contrast with covalently-connected flexible polymer chains, the wormlike micelles continuously break and reform thus earning the name 'living polymers'. The rheology of these mixtures is dominated by two distinct relaxation processes; firstly a disentanglement process in which the worms dissociate from the network, similar to reptation of entangled polymers, the second due to the breakage and reformation of the worms.
Wormlike micellar solutions of various chemistries (CPyCl, CTAB, EHAC) in a range of solvents have been the subject of many experimental investigations, for example [1, 2, 3, 4, 5, 6, 7] . A good overview of experimental findings and the surfactants used in each is given in [8] . These experiments show a commonality in the rheological response of these mixtures in that they can exhibit kinematic inhomogeneities even in simple shearing flow, developing shear-bands and strong shear-thinning. In a narrow gap Taylor-Couette device, with inner cylinder rotating at a fixed velocity and outer cylinder fixed, the steady state velocity profile across the gap is nearly linear at low shear rates.
When the velocity of the inner cylinder is increased such that the velocity gradient across the gap exceeds a critical shear rate,γ 1 , the velocity profile splits into (at least) two regions; with a high shear rate (i.e. large velocity gradient) near the inner wall and a slower moving region with low shear rate closer to the outer wall. The transition region between the two shear bands shifts outwards toward the stationary outer cylinder as the shear rate is increased until, at a certain shear rate,γ 2 , the high shear rate band spans the gap. At shear rates larger thanγ 2 , the velocity profile is again close to linear. The steady state flow curve of shear stress as a function of shear rate rises monotonically (almost linear) for small shear rates, then begins to level off until, at the shear rate ofγ 1 the flow curve plateaus. The plateau continues until the shear rate reachesγ 2 , thereafter the flow curve is again a monotonic increasing function of shear rate. Experiments also show [7] that under shear rate control the first normal stress difference initially increases quadratically with shear rate until γ 1 , at which point the increase becomes linear, up to a shear rate ofγ 2 , at which point the rate of increase in N 1 becomes approximately quadratic again.
Small Amplitude Oscillatory Shear (SAOS) experiments show two highly separated time scales suggesting a superposition of two Maxwell modes [7] . The shear-banding, and the correlated flow curve plateau, are generally attributed to a multi-valued underlying rheological constitutive relation between shear stress and shear rate if one assumes viscometric (homogeneous) kinematics [8, 9, 10] . Flows along the locally decreasing portion of this rheological constitutive curve have been shown to be unstable [11] so that, under shear-rate controlled conditions (with velocity imposed at the walls) the flow bifurcates into two branches with one flow domain located on the stable low shear rate branch of the rheological flow curve and the other on the stable high shear rate branch. The portion of the gap which each shear rate occupies is determined by a lever rule in order that the appropriate total velocity change across the gap is obtained. A number of comprehensive review papers describing the flow structure and dynamics have appeared [8, 9, 10] .
Several single species (plus solvent) models which exhibit non-monotone rheological constitutive curves have been examined in the literature as a basis for understanding flows of wormlike micellar solutions; for example, the JohnsonSegalman model [12, 13, 14, 15] , the reptation-reaction model [10, 16] , a "Toy" model based on reptation theory [17] , a more complete reptation model (known as the "Rolie-Poly" model) [18] , the Giesekus model [19, 20, 21] and the PEC (Partially Extended Convection) model [22] . These models can, under appropriate parameter conditions, all exhibit a non-monotone rheological constitutive curve and thus can each capture key aspects of the linear and nonlinear rheology observed experimentally. Some of these single-species models are phenomenological in basis (e.g. the Johnson-Segalman and Giesekus model) and may respond unphysically in step-strain and/or extensional flow response (e.g.
the Johnson-Segalman model [23] ), or may be difficult to manipulate and fit to actual experimental data (the reptation-reaction model). These single species models generally coarse-grain the solvent and low molecular weight species into a single Newtonian mode and thus do not exhibit fluid elasticity at high frequencies or shear rates.
One model that takes into account (in an approximate way) the breakage and reforming of the worms is the Vasquez-Cook-McKinley (VCM) model [24] .
This model is a two species (plus solvent) model in which worms of length L can break into two worms of length L/2, and two worms of length L/2 can reform to a single worm of length L. The VCM model thus incorporates a physical breakage-reforming processes and is appropriately frame-invariant.
The model allows for a realistic (aqueous) solvent viscosity and also captures the presence of a second, short species which gives rise to a weak viscoelastic contribution at high shear rates. The VCM model reduces to a single species PEC model (with additional diffusive terms) [23] in a Newtonian solvent, in the limit that the relaxation time of the second species goes to zero and that the number densities of each wormy species are constant. The PEC model was extensively examined in [22] . The Rolie-Poly model, in the limit that the convective constraint parameter β is zero and chain stretching is ignored, can also be reduced to the reptation-reaction model [25] . In shearing flow, in that same limit, the Rolie-Poly model is similar to the PEC model but without the free nonlinear parameter. More recently, a thermodynamically consistent two-species model has been derived from non-equilibrium thermodynamics considerations and its predictions have been compared with those of the twospecies VCM model [26] .
Analysis of the rheological predictions of the VCM model has been carried out in several geometries and for a range of boundary conditions including steady shearing-flow in a Taylor-Couette geometry under Large Amplitude Oscillatory Shear (LAOS) [27] ; fast and slow stepped-ramps up to steady state shearing in a Taylor-Couette geometry (during which localized shear waves may develop) [28] ; steady pressure-driven channel flows [29] , and extensional flows [30] . Predictions of those studies compare well with many of the principal features of wormlike micellar rheology observed in experiments. In these previous studies, theoretical predictions are contrasted with those of simpler single species models and shown to be an improvement in several cases, for example the capability of predicting the highly localized rupture event in an elongating filament of a wormlike micellar solution in extensional flow [30] .
The predictions of a non-interacting version of the two species VCM model, namely the PEC+M model (as well as the PEC model plus solvent) have been analyzed extensively for the case of step strains and ramps up to steady state shearing flows [22] . While the VCM model has been demonstrated to successfully model wormlike micellar mixtures in various shearing and elongational deformations, it does have its own limitations including: (i) the second normal stress difference N 2 is identically zero; (ii) numerical simulations of steady state values of N 1 , the first normal stress difference, as a function of shear rate in Taylor-Couette flow do not agree with results obtained in cone-plate experiments for shear rates in the shear banding region [7] . This latter discrepancy may be due to the geometrical differences, but may also be due to the simplicity of the kinetics describing the reforming rate of the VCM model, a simplification made in part to highlight the controlling role of micellar breakage in the observed dynamics.
In [31] , the VCM model was modified, allowing temporal and configuration dependent changes of the equilibrium breakage rate and of the relaxation rate of the long species in order to account for gel-like structure formation that can be observed in some micellar solutions at very high deformation rates [32, 33] .
As noted above, building on the VCM model success, a thermodynamically consistent two species model has recently been derived [26] . In this new model In the present paper we carry out a comprehensive investigation of the full VCM model in shearing deformations including transient analysis from initial start up to steady state for a Taylor-Couette flow geometry. We compile a number of disparate existing results describing the VCM model predictions, and also provide new computational results; for example the effect of chang-ing flow geometry on the steady state curve together with an experimental comparison. The full VCM model includes the effect of fluid inertia and the role of diffusive (nonlocal) terms which couple the local distribution in number density of each species, local stress gradients and the sharp variations in the local velocity within the shear bands. We also examine the full temporal responses of the system of the equation from short time (elastic waves) to long time (slow diffusive relaxation).
The Model Formulation
The detailed derivation of the VCM model can be found in [24] . In summary, the (non-dimensional) number density and stress equations are given by:
where the breakage rate varies with the local shear rate according to c A = c Aeq + ξµ 3 (γ : A/n A ), and for simplicity the reforming rate is taken to be The nondimensionalization of the governing equation set is given by the follow- These equations for the number densities and the stresses of each species are coupled to the equations of conservation of mass:
and conservation of momentum:
where τ = τ p −βγ is the total stress, that is the stress from the wormlike micellar species and the stress from the solvent. The momentum equation introduces two new dimensionless parameters, the elasticity number
which is a ratio of the effective relaxation time of the fluid λ ef f to the inertial diffusion time t ′ dif f = ρH 2 /η p , and β = η s /η p which is a ratio of the solvent viscosity to the zero shear rate viscosity of the mixture.
Results of the VCM Model in Shear Deformation
We consider unidirectional shear flow in a Taylor-Couette geometry with flow in the θ direction and variations only in the radial direction r. Conservation of mass is automatically satisfied by this unidirectional formulation. The constitutive equations and the momentum equation are solved numerically using a spectral method. The spatial variable is discretized with Chebyshev polynomials and the resulting system of differential-algebraic equations is solved using a multistep backward differentiation formula [35] . The number density of each species, n A , n B , satisfies a no flux boundary condition at both the inner and outer cylinders [22, 29] . The stress of each species, A, B, also satisfy a no flux boundary condition. As in [22, 27, 28] , the velocity at the inner cylinder is written in dimensionless form as v inner = De tanh(at) mimicking the motion of the inner cylinder during a start-up experiment. The parameter a measures how rapidly the inner cylinder reaches its desired speed. In most of our computations we use a = 10 which is of the same order as the experiments [7] . In Section 3.3 the effect of varying a on the velocity profile and stress field at steady state is briefly discussed.
For a range of shear ratesγ 1 <γ <γ 2 the velocity profile exhibits a kink at the spatial position where the shear-rate bands meet. To better resolve the kink region, an adaptive spectral method with transformed Chebyshev points is used. The following conformal mapping [36] redistributes the Chebyshev grid points so that the points are clustered towards the position of the kink:
In Equation ( details of the implementation of the method can be found in [36] .
The values of the parameters in the model are chosen by reference to experimental data. A detailed rheological fitting can be found in [7, 24] . Parameters were determined by Small Amplitude Oscillatory Shear (SAOS) and step strain experiments [7, 24] on a mixture of CPyCl/NaSal added to water. The constitutive parameters can vary slightly with each preparation batch due to small variations in purity [37] . We have chosen representative parameters within the experimental ranges, namely µ = 5.6, where µ = λ A /λ ef f is the ratio of the relaxation time of species A to the effective relaxation time of the system (including breakage), and the contribution to the total shear stress from the second short species is µǫn 0 B which is of order 10 −3 . We consider ξ =0.7, but also study how changing the value of this single nonlinear parameter, which governs the magnitude of the nonlinear breakage terms, affects the steady state results. The curvature parameter p is determined by the specific experimental test apparatus. In general 0.04 ≤ p ≤ 0.08 [6, 38, 1] . We initially compute with p = 0.1, but we also investigate the effect of varying p.
We choose the effective diffusion parameters for each species to be identical δ A = δ B = δ and typical values are taken in the range 10 −5 < δ < 10 −1 [29] .
Numerical computation shows that the contributions from the ∇∇ : A and ∇∇ : B terms in the number density equations are negligible for this range of δ. With these choices,
. Given equilibrium initial conditions and no flux boundary conditions at the walls, the total number of short segments whether joined or not, remains a constant in space and time. The green solid curve is the corresponding rheometric (homogeneous) flow curve calculated with the assumption that there is no spatial variation in the kinematics. The decreasing portion of this flow curve, between the local maximum atγ M and the local minimum atγ m , is unstable. This conclusion has been shown for the single species, PEC, model in [22] . In the VCM two species model with concentration coupling, we have checked the stability of the homogeneous base flow subject to inhomogeneous perturbations in a circular Couette geometry. The region of instability is still the decreasing portion of the steady state flow curve even with inclusion of normal stresses τ rr and τ θθ , which is in contrast with the d-JS-φ model [14] . Therefore, when a nominal shear-rate is prescribed corresponding to this decreasing portion of the flow curve, the velocity profile splits into two regions of distinct shear rates, each located along a locally increasing (stable) portion of the curve, thus forming a stress/strainrate plateau as shown by the asterisks. The plateau starts at a shear rateγ 1 and ends at the higher shear rateγ 2 denoted in Fig. 1 . For apparent shear rates in the rangeγ 1 < De <γ 2 , the total dimensionless shear stress is roughly a constant τ rθ ≈ 0.7 for this choice of parameters. When the apparent shear rate is belowγ 1 or aboveγ 2 , the shear stress increases linearly with shear rate. We note that there is a small variation (or vertical offset) between the values of the stress at a given shear rate for linearly increasing portion of the inhomogeneous and homogeneous flow curves, we will show later in Section 
shear rates in this region, a two-banded structure is observed with a high shear rate towards the inner (moving) wall and a low shear rate towards the outer (stationary) wall. The location at which the velocity profiles with the two different shear rates meet represents a "kink" or shear localization between the two bands. Mathematically, the location of the kink can be determined either by finding the local maximum in the second derivative of the velocity profile, or by locating the maximum of the first derivative of the shear stress A rθ [29] .
Here we use the local maximum of the second derivative of the velocity profile as the kink location, r k . As the value of the apparent shear rate imposed on the flow increases, the kink moves outwards towards the outer cylinder until the high shear rate region spans the entire gap. The inset of Fig. 2(a) shows that the location of the kink varies almost linearly with the value of the apparent shear rate De which is consistent with experimental observations [2, 40] . species A has broken to form two shorter segments of species B, therefore the number density of species A stays at a low level (n A ≈ 0.12). By contrast, in the low shear rate region the (scaled) density n A is close to unity, its initial equilibrium level. The total number density 2n A + n B remains constant across the gap (determined by the initial conditions).
The time evolution of the shear stress and the first normal stress difference N 1 at the inner cylinder, after start up of the flow, and the corresponding velocity profiles at selected times are shown in Fig. 3(a) . For this value of the Deborah number (De = 6), both the shear stress and the normal stress difference exhibit an overshoot and a subsequent undershoot before they reach their steady state values. The overshoot in the shear stress occurs before the overshoot of the first normal stress difference. When the viscoelastic stresses pass through their maximum values, the fluid elastically "unloads" and this results in a transient elastic recoil during which a velocity profile with local negative values is observed (see for example Profile C in Fig. 3(b) ). This result is very similar to experimental PIV observations in micellar fluids and to what the simpler PEC model predicts [22] . The difference between the PEC and the VCM models is that in the VCM model, the elastic recoil is more pronounced due to an enhanced breakage of the long species A.
Close inspection of Fig. 3(a) shows that the initial growth in the shear stress is not linear in time. This short time response is due to the prescribed time smaller and less significant until higher shear rates. This is consistent with a smaller breakage rate of the long species. The effect of ǫ = λ B /λ A , i.e. the ratio of the relaxation time of the short species B to that of the long species A, on the steady state flow curve is similar to that of µ as expected, since for a fixed value of λ B the magnitude of ǫ varies with λ A and hence with λ ef f . The curves for varying ǫ are shown in Fig. 5(b) . For larger ǫ the plateau is higher and ends earlier corresponding to larger viscoelastic contribution to the total stress from the short chain 'B' species.
Curvature Effects
Although the Taylor Couette geometry provides a good approximation to a planar shearing flow in the narrow gap limit, the curvature p of the geometry still has important effects on the shape of the flow curve and the width of the shear banding plateau betweenγ 1 andγ 2 . Fig. 6(a) the local maximumγ M and local minimumγ m of the homogeneous flow curve, a plateau occurs. However, this is not the case in the Taylor Couette geometry.
In a planar geometry, the local shear rate is a constant value across the gap,
However, when there is curvature present, even in the linear regimes, the local shear rate across the gap is a function of space [22] . The local shear rateγ rθ (r) varies betweenγ o ,γ i with the maximum shear rate occurring at the inner moving wall (γ i ≡γ rθ (r = 0)) and the minimum shear rate at the fixed outer wall (γ o ≡γ rθ (r = 1)) as shown in Fig. 6 it is often convenient to use a Poiseuille channel flow for high shear rate experiments [44, 45, 46] . In a slit geometry the flow is controlled through the pressure drop imposed along the channel, as opposed to an imposed wall driven velocity or apparent shear rate as in at a Taylor-Couette or cone-plate geometry.
Although the curvature p in a rectangular channel (slit geometry) is now zero, it was shown in [29] that a new dimensionless geometric measure, namely the characteristic length of the channel l p = G 0 L/∆p ′ , takes its place. This parameter appears in the momentum equation in the form P= ∆p
A channel flow experiment is carried out at a prescribed P. Using PIV measurements, the local shear rate and stress are determined at locations across the gap and graphed to reconstruct the local flow curve at that value of P. It has been shown in [29] that the interplay between P and the diffusivity parameter δ affects the form of the flow curve reconstructed from a channel flow experiment. In particular, for a fixed value of δ, as P increases the 'plateau' in the flow curve develops an increasingly positive slope.
Both parameters P and δ depend on the height of the channel (P= ∆p ′ H/(G 0 L) and δ = λ A D A /H 2 ) so that experiments carried out using channels of different heights, or in the same channel but for different values of the applied pressure drop along the channel, will exhibit different flow curves. In [29] , it was shown that the flow curves collapse onto a single master curve only if the parameter combination Pδ 1/2 is held constant between geometries and experiments. In Fig. 7 we show experimental data collected in a torsional rheometer (open squares, AR-G2) using a cone and plate fixture at low shear rates, and in a rectilinear microchannel (mVROC, filled squares) at higher shear rates using the same fluid, a CPyCl-NaSal mixture with concentrations of [100:60] mM [47] . The microchannel experiments were carried out by varying the imposed pressure gradient P to obtain the desired flow rate. It is clear that the locations of the shear banding plateaus do not agree; instead the plateau value difference is P= 30.9 for the pressure driven flow [48] .
in the microchannel is lower than the value observed using the cone-plate fixture. By contrast, in non shear banding fluids excellent overlap between the two flow curves obtained with the two devices are obtained [44] . Flow curves for the VCM model were simulated with the same parameter values as in the experiments using the known material parameters (G 0 = 27.2 Pa, λ ef f = 1.67 s), the additional constitutive parameters in the model were fit so that the monotone increasing portions of the simulation and the experiment agreed.
The simulations were carried out for a Taylor-Couette geometry at low shear rates, and for a rectangular channel at fixed P at higher shear rates [48] . For the particular values of p (for the Taylor-Couette flow), and P (for the microchannel flow), the model predictions agree with the experimental results along much of the plateau. The VCM model simulation shows a larger over-shoot at the low shear rate end of the plateau than is observed experimentally in the cone-plate geometry possibly because of the more complex transition to shear banding expected in a cone-plate device [7, 49] .
Long Time Memory of Short Time Start-Up Conditions
A plot of the steady state flow curve obtained after a transient ramp up from initial rest conditions shows that the total shear stress in the fluid "overshoots" or exceeds the plateau value at the low shear rate end of the plateau nearγ M . This is particularly clear when the curvature p is small (see the flow curve for p = 0.01 in Fig. 6 ). This local maximum in the steady state flow curve has been documented in a number of experiments for different micellar fluid [1, 7] . As reported in those experiments, if the wall velocity is ramped up to its final value, the flow curve exhibits a shear stress overshoot before entering the plateau region of the curve. By contrast if the wall velocity was ramped down to its final value this overshoot disappeared, and so this overshoot represents a metastable, history-dependent branch of the flow curve.
To explore whether the existence of this overshoot is dependent on the initial ramp conditions, we show two steady state flow curves in Fig. 8 evaluated for different values of the step rate ramp parameter a (Fig. 8 (a) is for a faster ramp a = 10 and Fig. 8 rate ramps up but no such overshoot is observed when the shear rate is ramped down. In Fig. 9 the transient stress responses for the VCM model for apparent shear rates of De = 1, 2, 3 during the ramp up, and De = 2 during the ramp down are plotted. At De = 1 (state A), there is no shear banding, the shear stress smoothly approaches its steady state. At De = 3 (state C), the stress overshoots in time, thereafter decaying eventually to reach its steady state value. For De = 2, during the ramp up (state B), the stress increases monotonically to the steady state and then remains constant with no time overshoot and no band formation (see Fig. 9(b) for the steady state velocity profile), however, when the flow is ramped down to the same value of De = 2 (state D), the shear band has already been formed (at the initial, much higher shear rate) and the banding persists. It is for this reason that [1] refer to the overshoot branch near De = 2 as a metastable branch of the steady state flow curve: If the flow starts from a linear initial condition (ramp up), it will take an infinite time for the bands to nucleate and thus for the shear stress to relax to the plateau stress value; however if shear bands have already been formed in the velocity profile, then the banded structure persists.
As pointed out above the situation for a fast ramp is quite different from that for the slow ramp up as we have shown in 8(a). In this case, for a curvature of p = 0.01, the overshoot at the beginning of the plateau is seen for both ramp up and ramp down conditions. The same is true for the undershoot at the right hand end of the plateau. In these cases the ramp is so fast that the final wall velocity is attained well before the stress in the system has relaxed to the steady state profile. The velocity across the gap rapidly reaches its "homogeneous" value at the targeted apparent shear rate. When this shear rate is on the stable portion of the flow curve the system stays on that branch, unbanded. By contrast, in the slow ramp case the system samples all shear rates on the path to the final equilibrium profile.
Long time, Diffusive effects
In [28] the transition to multiple shear banded structures was studied in the presence of fluid inertia. It was shown that multiple banded structures can develop in the transient velocity profiles, and, in the absence of diffusion these can persist to the steady state velocity profiles. This multiple banding arises due to the interaction between the initial inertio-elastic shear wave that propagates across the gap and the nonlinear evolution in the viscoelastic stress field within the fluid which drives the band formation. In our previous study we also considered the effect of diffusion on this multiple banding formation process and showed that the multiple banding events eventually decay to a two banded state when the presence of stress-concentration diffusion in the system is accounted for. In that paper it was shown that the time for the multiply banded velocity to decay to the two banded curve was proportional
That observation motivates investigation of the effect of varying the magnitude of the diffusion constant on the steady state flow curves. In Fig. 10(a) we show the changes in the steady state flow curve observed for values of documented experimentally in [1] , smooths out as the diffusion constant increases in the VCM model. In this earlier experimental study, the overshoot is interpreted as a metastable branch with an "effectively infinite relaxation time" [1] for the system which is attempting to form a shear banded state.
Also Radulescu et. al [42] attribute the difficulty of forming the shear bands at the beginning of the plateau to the effect of the wall since at this juncture the band formation initially develops close to the moving inner wall. Because diffusion is a nonlocal effect, such wall-driven effects are stronger for larger diffusion constant. In Fig. 10(b) we plot the simulated VCM model velocity profiles for De = 10 for diffusivity values spanning the range δ = 10 −4 − 10 −2 .
The computations show that for these values of diffusivity the effects of stressconcentration coupling on the velocity profile are located primarily at the kink.
Larger values of the diffusivity smooth and broaden the connection between the two bands and their distinct shear rate regions. The spatial extent of the transition region scales with √ δ.
In Fig. 11 we show the effect of diffusion on the steady state number density and the stress distribution across the gap for each species. Diffusion smoothes out the sharp transition between the two shear rate bands just as it does to the velocity profiles shown in Fig. 10(b) . We have also confirmed numerically that the width of the transition region in the shear stresses scales with √ δ, too. The total number density, 2n A + n B , remains invariant across the gap and the total shear stress τ rθ = −(A rθ + B rθ + βγ) always varies as r −2 .
Model prediction in transient shear flow
The elasticity number E = λ ef f η p /ρH 2 does not have an appreciable effect on time; however, the shear stresses all approach the same steady state at about the same time (see inset). The effects of fluid inertia captured in the elasticity number E primarily modify the short term behavior of the shear stress.
Following the startup of a steady shear flow, there are five distinct time responses as indicated in Fig. 12(a) by Roman numerals. The first stage (region I) corresponds to the initial propagation of an inertio-elastic wave across the gap with characteristic wave speed √ E. This is particularly noticeable when E is small. Note that in Fig. 12(a) , the "shoulder" in Region I is associated with the reflection of the elastic shear wave from the stationary wall. A detailed discussion of the elastic wave responses can be found in [28] . Following the shear stress overshoot (region II) there is a period in which the shear stress decreases (region III) and the shear bands develop. In the fourth stage (region IV) , depending on the magnitude of the elasticity number E, the stress may either experience a temporary plateau or an undershoot followed by another overshoot. During the long slow (diffusive) period (region V shown in the inset) the stress gradually increases to approach its steady state value. These different response regions have been documented in experiments by Lerouge. et al [38, 40] .
To demonstrate that this long time response in region V is diffusive in character, we show in Fig. 12(b) a set of computations for varying values of δ.
Clearly there is minimal effect on the short time shear stress responses resulting from changes in δ. In the case of E = 100 all of the profiles show that the stress first increases, then overshoots, then decreases to a short lived plateau followed by an oscillatory approach to the steady state. However, the inset of (b) shows different long term responses for different values of diffusivity δ:
both the value of the steady state solution and the time at which the steady state is achieved are dependent on δ; as the diffusivity is decreased the time to reach the final steady state value increases.
To further investigate the VCM time responses in these five stages, the velocity profiles in regions I-V are plotted in Fig. 13 for E = 100 and E = 1000, respectively. The elasticity number represents a balance of inertial and diffusive time scale and the speed of the inertio-elastic shear wave scales with √ E [28] . Note that the response for E = 1000, as anticipated, is very close to the inertialess response (see Fig. 12(a) ). For the smaller value of E = 100, By an elapsed of time t = 0.15, the effects of the inertio-elastic wave have already been dissipated [28] . The local maximum in the stress (region II) occurs at about t = 0.23. At this moment, the velocity at the inner wall reaches its final value. This time scale is related to the value of the ramp parameter a that we use in the simulation (here we use a = 10). If the ramp time is shorter (i.e. a is larger), we expect this time to be smaller. During region III, as the shear stress locally decreases, the shear bands are formed. Although the stresses look similar for each simulation in this region, the velocity profiles evolve quite distinctly for different values of E. For E = 100, a transient threebanded structure is formed due to interference of the reflected inertio-elastic wave and the developing stress profile, as we have documented previously [28] , while for a larger elasticity number E = 1000, multiple bands do not develop.
The absence of a multiple banding structure for the larger value of E is again because the reflected inertio-elastic wave has already dissipated by the time the stress overshoots in Region II [28] . Instead, a regular two-banded structure is observed with a prominent elastic recoil in the velocity profile. This elastic recoil has been observed in different models [18, 22] as well as experiments [2, 51] . In region IV, the multiple bands that are initially formed in the E = 100 case gradually diffuse away and a steady two banded structure is recovered (left bottom of Fig. 13(a) ). This gives rise to the intermediate plateau in the stress responses, while for the E = 1000 case, the velocity v k at the kink location (r k ) oscillates weakly before relaxing to its steady state value (left bottom of 13(b)) which gives rise to the undershoot and overshoot in the shear stress. As the stress profiles gradually approach the final steady state for t ≥ 0.7, the kink between the two shear bands becomes sharper and its spatial location r k slowly diffuses inwards slightly toward the moving cylinder.
This final diffusion-dominated region is denoted region V for both cases.
The long-time transient responses of the VCM model in the banded regime is determined not only by the diffusivity, but also by the apparent shear rate De imposed at the wall which determines how deeply into the nonlinear banded regime the system is being driven. For the same value of the diffusion constant, when the apparent shear rate (De) is large, the system takes longer to reach steady state (see Fig. 14 and the inset to Fig. 14(a) ). To explore this long- time response systematically we set E → ∞ so that fluid inertial effects are excluded (as we have shown in Fig 12, inertia has no effect on the long-term behavior). In Fig. 14 In [52] , the dimensionless time to reach steady state is estimated to be
where the apparent shear rate value is close to the left (low shear rate) end of the plateau, i.e. De ∼γ M . In this expression N is a dimensionless number determined by the model and ∆γ is the dimensionless breadth of the plateau, ∆γ =γ 1 −γ 2 . This result shows that the time for the shear stress to reach its final steady state is proportional to the apparent shear rate when the apparent shear rate De = V ′ λ ef f /H is close to the critical value at which banding onsets. This general scaling also appears to be initially true in the VCM model. In Fig. 14(b) , when imposed apparent shear rate is increased from De = 5 to De = 10, the time t ss to reach steady state doubled. However, when 
where, as indicated above the precise value of the numerical constant N varies for different fluid formulations and different models.
Conclusion
This paper, Part III of a sequence of papers, described respectively: the VCM model, new experimental findings relative to shear flow of a wormlike micellar solution, and the (inhomogeneous) predictions of the VCM model [7, 24] . The VCM model is a two species model proposed to study wormlike micelles with breakage and reforming events incorporated in a self-consistent way. In this paper, the third of the series, the spatio-temporal predictions of the VCM model in a Taylor The VCM model predictions were compared with a particular set of data from two mixed experiments (Taylor-Couette at low shear rates, microchannel at high shear rates) and reasonable agreement was shown. As noted in an earlier paper [29] , experiments in a microchannel will only generate flow curves which agree directly with those of a Couette cell for particular choices of the driving pressure.
The effect of the start-up ramp rate and the role of geometry (curvature) on the steady state flow curve was examined, and the overshoot and undershoot observed in steady flow curve at the beginning and end of the plateau region was discussed. We also showed the hysteresis at the beginning of the flow curve plateau as well as the associated temporal evolution of the shear stress profiles.
A complete description of the dynamics observed in the stress and velocity fields, from the initial formation of inertial waves (studied more carefully in [28] ), through the time of the stress overshoot and shear band formation to the long time diffusion-mediated achievement of the steady state stress, was presented.
Most of the phenomena discussed have been documented in experimental work with micellar fluids. This class of model, a two species session-reforming model, thus appears to capture many of the key features that characterize micellar fluids whilst also being amenable to computational analysis.
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